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Abstract: We present a superspace formulation of the D = 3,N = 4, 5 superconfor-
mal Chern-Simons Matter theories, with matter supermultiplets valued in a symplectic 3-
algebra. We first construct an N = 1 superconformal action, and then generalize a method
used by Gaitto and Witten to enhance the supersymmetry from N = 1 to N = 5. By de-
composing the N = 5 supermultiplets and the symplectic 3-algebra properly and proposing
a new super-potential term, we construct the N=4 superconformal Chern-Simons matter
theories in terms of two sets of generators of a (quaternion) symplectic 3-algebra. The
N=4 theories can also be derived by requiring that the supersymmetry transformations
are closed on-shell. The relationship between the 3-algebras, Lie superalgebras, Lie al-
gebras and embedding tensors (proposed in [E. A. Bergshoeff, O. Hohm, D. Roest, H.
Samtleben, and E. Sezgin, J. High Energy Phys. 09 (2008) 101.]) is also clarified. The
general N = 4, 5 superconformal Chern-Simons matter theories in terms of ordinary Lie
algebras can be rederived in our 3-algebra approach. All known N = 4, 5 superconformal
Chern-Simons matter theories can be recovered in the present superspace formulation for
super-Lie-algebra realization of symplectic 3-algebras.
Keywords: Symplectic 3-Algebras, Superspace, Chern-Simons Matter Theories, M2
branes.
Contents
1. Introduction 1
2. N = 5 theories and Symplectic Three-Algebras 4
2.1 A Review of Symplectic Three-Algebra 4
2.2 N = 5 Theories in Terms of 3-Algebras 6
3. The N = 4 Theories and Symplectic Three-Algebras 12
3.1 N = 4 Theories by Starting from N = 5 Theories 12
3.2 Closure of the N=4 Algebra 19
4. Three-algebras, Lie superalgebras and Embedding Tensors 22
4.1 Three-algebras and Lie superalgebras 22
4.2 Three-algebras and Lie Algebras 23
4.3 Three-Algebras and Embedding Tensors 25
5. N=4, 5 Theories in Terms of Lie Algebras 26
5.1 N = 5 Theories in Terms of Lie Algebras 26
5.2 N = 4 GW Theory in Terms of Lie Algebras 27
6. Conclusions 28
7. Acknowledgement 29
A. Conventions and Useful Identities 30
A.1 Spinor Algebra 30
A.2 The N = 1 Superspace 30
A.3 SU(2) × SU(2) Identities 31
A.4 SO(5) Gamma Matrices 32
B. Verification of Sp(4) Global symmetry of the N = 5 Bosonic Potential 33
1. Introduction
In the last two years, extended (N ≥ 4) supersymmetric Chern-Simons-matter (CSM)
theories in 3D have attracted a lot of interests in the string/M -theory community, because
they are natural candidates of the dual gauge theories of multi M2-branes in M−theory.
Less extended supersymmetric (N < 4) CSM theories with arbitrary gauge groups were
constructed and investigated long time ago [1]-[6]. Generic Chern-Simons gauge theories
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with or without (massless) matter were demonstrated to be conformally invariant even at
the quantum level [7, 8, 9, 10, 11]. However, it was much more difficult until recently to
construct N ≥ 4 CSM theories, since only some special gauge groups are allowed in these
theories.
By virtue of the Nambu 3-algebra structure [12, 13], the maximally supersymmetric
N = 8 CSM theory with SO(4) gauge group was first constructed independently by Bagger
and Lambert [14] and by Gustavsson [15] (BLG). The BLG theory was conjectured to be
the dual gauge theory of two M2-branes [16, 17, 18, 19]. The Nambu 3-algebra, equipped
with a symmetric and positive-definite metric, has the limitation that it can only generate
an SO(4) gauge theory [20, 21, 22], too restrictive for a low-energy effective description of
M2-branes.
Very soon Aharony, Bergman, Jafferis and Maldacena (ABJM) have observed [23] that
an N = 2 superconformal CSM theory, with gauge group U(N) × U(N), actually has an
SU(4) R-symmetry, hence an enhanced supersymmetry N = 6. The same theory was also
obtained by taking the infrared limit of a brane construction. In their formulation, the
Nambu 3-algebra structure did not play any role, though the ABJM theory with SU(2)×
SU(2) gauge group is equivalent to the BLG theory. Based on the brane construction,
ABJM conjectured that at level k their theory describes the low energy limit of N M2-
branes probing a C4/Zk singularity. In the special cases of k = 1, 2, the theory has the
maximal supersymmetries (N = 8) [23, 24, 25, 26]. In a large-N limit the ABJM theory is
then dual to M−theory on AdS4×S
7/Zk [23]. The superspace formulation and a manifest
SU(4) R-symmetry formulation of the ABJM theory can be found in Ref. [27] and [28],
respectively.
In Ref. [29, 30], some extended superconformal gauge theories are constructed by
taking a conformal limit of D = 3 gauged supergravity theories. In this approach, the
embedding tensors play a crucial role. Gaiotto and Witten (GW) [31] have been able
to construct a large class of N = 4 CSM theories by a method that enhances N = 1
supersymmetry to N = 4. They also demonstrated that the gauge groups can be classified
by super Lie algebras. In Ref. [32], the GW theory was extended to include additional
twisted hyper-multiplets; in particular, the extended GW theory with SO(4) gauge group
was demonstrated to be equivalent to the BLG theory. In Ref. [33], two new theories, N =
5, Sp(2M)×O(N) and N = 6, Sp(2M)×O(2) CSM theories, were constructed by further
enhancing the R-symmetry to Sp(4) and SU(4), respectively, and theN = 6, U(M)×U(N)
CSM theory was rederived. The gravity duals of N = 5, Sp(2M) × O(N) and N = 6,
U(M) × U(N) theories were studied in Ref. [34]. By using group representation theory
and applying GW’s super-Lie-algebra method for classifying gauge groups, the N = 1 to
N = 8 CSM theories were constructed systematically in a recent paper [35].
The progress mentioned in the last two paragraphs was made using mainly ordinary
Lie algebras. On the other hand, Bagger and Lambert have been able to construct the N =
6, U(M)×U(N) theory in terms of a modified 3-algebra [36]. Unlike the Nambu 3-algebra
with totally antisymmetric structure constants, the structure constants of the modified
3-algebra are antisymmetric only in the first two indices. By introducing an invariant
antisymmetric tensor into a 3-algebra, hence called a ‘symplectic 3-algebra’, another class
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of N = 6 CSM theories, with gauge group Sp(2M) × O(2), has been constructed by the
authors of the present paper [37]. We have also demonstrated that theN = 6, U(M)×U(N)
theory can be recast into the symplectic 3-algebraic formalism [37]. In Ref. [38], both the
general N = 5 and N = 6 CSM theories have been formulated in a unified symplectic
3-algebraic framework. These theories based on 3-algebras were constructed by requiring
that the supersymmetries must be closed on-shell. All examples of N = 5 theories were
recovered in Ref. [39] by specifying the 3-algebra structure constants.
One goal of the present paper is to combine the superspace formalism with the 3-
algebra, to rederive the N = 5 theories by using the Giatto-Witten enhancement mecha-
nism. Previously the N = 5 theories were derived from the N = 4 theories by carefully
choosing the gauge groups [33, 35]. So the construction of N = 5 theories by enhancing
N = 1 supersymmetry is interesting in its own right, especially in a 3-algebraic framework.
It provides insight into the relationship between the 3-algebra and conventional Lie-algebra
approach.
Another goal is to construct general N = 4 theories in the (quaternion) 3-algebra
framework, in which there are two similar sets of complex 3-algebra generators. These N =
4 theories are 3-algebra version of Chern-Simons quiver gauge theories. We will construct
the N = 4 theories by two distinct methods. We first start from N = 5 supermultiplets,
decompose them and the symplectic 3-algebra generators properly, and propose a new
superpotential which is N=4 superconformally invariant. Alternatively, we will derive the
same N=4 theories by requiring that the supersymmetry transformations are closed on-
shell, i.e., we will examine the N = 4 algebra and check its closure. The closure of N = 4
algebra in the GW theory (without the twisted hypermultiplets) has been checked in Ref.
[31]. However, to our knowledge, the closure of the algebra in theories with the twisted
hypermultiplets has not been explicitly checked in the literature. So our calculation will
fill this gap.
We will systematically investigate the relations between the 3-algebras, Lie superalge-
bras, ordinary Lie algebras and embedding tensors that are used to build D = 3 extended
supergravity theories in Ref. [30]. The relations between the 3-algebras and Lie superalge-
bras are explored in Ref. [35, 40, 41], using representation theory. They did not discuss the
relations between the embedding tensors in Ref. [30] and 3-algebras or Lie superalgebras.
We will fill this gap by a more physical approach.
We will demonstrate that the symplectic 3-algebra can be realized in terms of a super
Lie algebra. The generators of the 3-algebra TI can be realized as the fermionic generators
of the super Lie algebra QI , and the 3-bracket is realized in terms of a double graded
bracket: [TI , TJ ;TK ]
.
= [{QI , QJ}, QK ]. In this realization, the fundamental identity (FI)
of the symplectic 3-algebra can be converted into the MMQ Jacobi identity of the super
Lie algebra (M is a bosonic generator). It will be shown that the structure constants of
the symplectic 3-algebra furnish a quaternion representation of the bosonic part of the
super Lie algebra, and play the role of Killing-Cartan metric of the bosonic part of the
super Lie algebra. Then the FI of the 3-algebra is rewritten as an ordinary commutator,
whose structure constants are totally antisymmetric. Moreover, we prove that the structure
constants of the symplectic 3-algebra are the components of the embedding tensor proposed
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in [30], if we realize the symplectic 3-algebra in terms of the super Lie algebra.
The general N = 4, 5 superconformal Chern-Simons-matter theories in terms of ordi-
nary Lie algebras can be re-drived from our super-Lie-algebra realization of the symplectic
3-algebras. Not only all known examples of N = 4, 5 ordinary CSM theories, but also
N = 4 CSM quiver gauge theories (including some new examples), can be produced as
well. The details for the latter will be presented in a forthcoming paper. Therefore, our
superspace formulation for the super-Lie-algebra realization of symplectic 3-algebras pro-
vide a unified treatment of all known N = 4, 5, 6, 8 CSM theories, including new examples
of N = 4 quiver gauge theories as well.
This paper is organized as follows. In Sec. 2.1 we review symplectic 3-algebras and
define the notations. Sec. 2.2 is devoted to the construction of the N = 5 theories by
enhancing the supersymmetry from N = 1 to N = 5 in a 3-algebraic framework. In
Sec. 3.1, we derive the N=4 theories by decomposing the N = 5 supermultiplets and
the symplectic 3-algebra properly and proposing a new superpotential. The closure of the
N = 4 algebra is explicitly verified in Sec. 3.2. In Sec. 4, we discuss the relations between
3-algebras, super Lie algebras, ordinary Lie algebras and the embedding tensors proposed
in Ref. [30]. In Sec. 5, we present how to reproduce the Lie algebra version of N = 4, 5
theories from the 3-algebra approach. The last Sec. is devoted to conclusions.
2. N = 5 theories and Symplectic Three-Algebras
2.1 A Review of Symplectic Three-Algebra
A 3-algebra is a complex vector space equipped a 3-bracket, mapping three vectors to one
vector [38]:
[TI , TJ ;TK ] = fIJK
LTL, (2.1)
where TI (I = 1, 2, . . . ,M) is a set of generators. The set of complex numbers fIJK
L are
called the structure constants. We define the global transformation of a field X valued in
this 3-algebra (X = XKTK) as [14]:
δΛ˜X = Λ
IJ [TI , TJ ;X], (2.2)
where the parameter ΛIJ is independent of spacetime coordinate. (The symmetry trans-
formation (2.2) will be gauged later). For (2.2) to a symmetry, one has to require that it
acts as a derivative [14]:
δΛ˜([X,Y ;Z]) = [δΛ˜X,Y ;Z] + [X, δΛ˜Y ;Z] + [X,Y ; δΛ˜Z], (2.3)
where Y = Y NTN and Z = Z
KTK . Canceling Λ
IJ ,XM , Y N and ZK from both sides, we
obtain the following FI satisfied by the generators:
[TI , TJ ; [TM , TN ;TK ]] = [[TI , TJ ;TM ], TN ;TK ]+[TM , [TI , TJ ;TN ];TK ]+[TM , TN ; [TI , TJ ;TK ]].
(2.4)
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The FI is a generalization of the Jacobi identity of an ordinary Lie algebra. Combining the
three-bracket (2.1) and the FI (2.4), we find that the FI satisfied by the structure constants
is
fMNK
OfIJO
L = fIJM
OfONK
L + fIJN
OfMOK
L + fIJK
OfMNO
L. (2.5)
To define a symplectic 3-algebra, we introduce a symplectic bilinear form into the
3-algebra:
ω(X,Y ) = ωIJX
IY J . (2.6)
We denote the inverse of the antisymmetric tensor ωIJ as ω
IJ . The existence of the inverse
implies that a 3-algebra index I must run from 1 to M = 2L. We will use ωIJ and ω
IJ to
lower or raise 3-algebra indices; for instance, fIJKL ≡ ωLMfIJK
M . The symplectic bilinear
form must be invariant under an arbitrary global transformation:
δΛ˜(ωIJX
IY J) = ΛLM (fLMI
KωKJ + fLMJ
KωIK)X
IY J
= 0. (2.7)
It turns out that the structure constants must be symmetric in the last two indices:
fLMIJ = fLMJI . (2.8)
From point of view of ordinary Lie group, the infinitesimal matrices
Λ˜KI ≡ Λ
LMfLM
K
I (2.9)
must form the Lie algebra Sp(2L,C). We call the 3-algebra defined by the above equations
a symplectic 3-algebra.
Since the 3-algebra is also a complex vector space, one can define a Hermitian bilinear
form
h(X,Y ) = X∗IY I (2.10)
(with X∗I the complex conjugate of XI), which is naturally positive-definite and will be
used to construct the Lagrangians. The Hermitian bilinear form is also required to be
invariant under the global transformation:
δΛ˜(X
∗IY I) = (Λ∗LMf∗LMI
K + ΛLMfLMK
I)X∗IY K
= 0. (2.11)
To solve the above equation, we assume that the parameter ΛLM is Hermitian: Λ∗LM =
ΛML. Since it also carries two symplectic 3-algebra indices, it obeys the natural reality con-
dition Λ∗LM = ωLIωMJΛ
IJ . These two equations imply that the parameter is symmetric,
i.e. ΛML = ΛLM . In summary, we have
Λ∗LM = ΛML = ΛLM . (2.12)
Now since the parameter ΛIJ is symmetric, re-examining the global transformation (2.2)
leads us to require that the structure constants are symmetric in the first two indices:
fIJKL = fJIKL. (2.13)
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With Eq. (2.12) and (2.13), we find that Eq. (2.11) can be satisfied if we impose the
following reality condition on the structure constants:
f∗LMIK = f
MLKI or f∗LM
I
K = f
M
L
K
I . (2.14)
Now both the symplectic bilinear form (2.6) and the Hermitian bilinear (2.10) form are
invariant under the global transformation (2.2). So from point of view of ordinary Lie
group, the symmetry group generated by the 3-algebra transformations (2.2) is nothing
but Sp(2L), which is the intersection of U(2L) and Sp(2L,C).
Later we will see, to enhance the super-symmetry from N = 1 to N = 5, we will
require the 3-bracket to satisfy an additional constraint condition:
ω([TI , T(J ;TK ], TL)) = 0, (2.15)
or simply fI(JKL) = 0. Combining Eq. (2.15) with (2.8) and (2.13), we have that f(IJK)L =
0 and fIJKL = fKLIJ . In summary, the structure constants fIJKL enjoy the symmetry
properties
fIJKL = fJIKL = fJILK = fKLIJ . (2.16)
2.2 N = 5 Theories in Terms of 3-Algebras
In this subsection, we will generalize Giaotto and Witten’s idea and method [31] to enhance
the super-symmetry from N = 1 to N = 5. 1 We will work in a three-algebraic framework.
Let us first explain the mechanism for supersymmery enhancement. We assume that
the N = 1 superfields for the matter fields are 3-algebra valued (our notation and conven-
tion are summarized in appendix A):
ΦIA = Z
I
A + iθγA
BψIB −
i
2
θ2F IA, (2.17)
where I is a 3-algebra index, A,B are Sp(4) ∼= SO(5) indices (A,B = 1, ..., 4), and γA
B is
a Hermitian SO(5) ≡ Sp(4) gamma matrix, satisfying γA
BγB
C = δA
C . 2 The superfield
Φ satisfies the reality condition:
Φ¯AI = Φ
†I
A = ω
ABωIJΦ
J
B. (2.18)
The purpose for introducing the gamma matrix into the second term of (2.17) is the
following: after we promote the supersymmetry from N = 1 to N = 5, we want the
supercharges and the matter fields to transform as the 5 and 4 of Sp(4), respectively, with
the gamma matrix being the couplings.
Despite that ΦIA carries an Sp(4) index, it is still an N = 1 superfields in that it just
depends on one copy of fermionic coordinates θα. Generally speaking, if we use (2.17) to
1In Ref. [42], the N = 8 BLG theory was constructed by using N = 1 superspace formulation in the
Nambu 3-algebra approach.
2Generally γA
B
≡ cmγ
m
A
B (m = 1, ..., 5), where γmA
B are the SO(5) gamma matrices (see appendix A.4),
and cm real coefficients. We normalize the parameters cm so that δ
mncmcn = 1. The non-uniqueness of
this gamma matrix is exactly what are allowed by the R-symmetry SO(5).
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construct an N = 1 CSM theory, the Yukawa couplings will contain the gamma matrix
γA
B, which is not Sp(4) invariant. 3 As a result, the CSM theory is generally not Sp(4)
invariant. However, we are be able to remove the gamma matrix γA
B from the theory by
adjusting the superspace couplings. The resulting theory then have an Sp(4) global sym-
metry, which does not commute with the N = 1 supersymmetry. Namely the supercharge
transforms non-trivially under the Sp(4) global symmetry group. More precisely, the su-
percharges transform in the vector representation of SO(5) or 5 of Sp(4). As a result, the
supersymmetry gets enhanced from N = 1 to N = 5. We will explain this point in details
when we examine the supersymmetry transformations.
To construct the N = 1 CSM theory, we first gauge the global symmetry transforma-
tion (2.2). We define the gauge transformation of the superfield ΦI as
δΛ˜Φ
I
A = Λ
KLfKL
I
JΦ
J
A = Λ˜
I
JΦ
J
A, (2.19)
where the parameter ΛKL is a superfield, depending on the coordinates of the superspace.
We then define the covariant derivatives as
(Dα)
I
J = Dαδ
I
J + Γ˜α
I
J and (Dµ)
I
J = ∂µδ
I
J + Γ˜µ
I
J , (2.20)
where Dα is the super-covariant derivative, defined by Eq. (A.9). In accordance with our
basic definition (2.2), it is natural to assume that the super-connections take the following
forms
Γ˜α
I
J ≡ Γ
KL
α fKL
I
J and Γ˜µ
I
J ≡ Γ
KL
µ fKL
I
J , (2.21)
transforming as 4
δΛ˜Γ˜α
I
J = −DαΛ˜
I
J and δΛ˜Γ˜µ
I
J = −DµΛ˜
I
J, (2.22)
respectively. In the Wess-Zumino gauge, the super-connection Γ˜α takes the form
Γ˜α
I
J = iθ
βA˜αβ
I
J + θ
2χ˜α
I
J
= (iθβAKLαβ + θ
2χKLα )fKL
I
J , (2.23)
where χ˜α
I
J is superpartner of the gauge field A˜αβ
I
J . In accordance with (2.12), we assume
that AKLαβ and χ
KL
α are Hermitian and symmetric in KL. The two superconnections (2.21)
should not be independent, since there is only one gauge symmetry. Actually, imposing
the conventional constraint [43]
{Dα,Dβ} = 2iDαβ (2.24)
determines the vector superconnection:
Γ˜αβ
I
J = A˜αβ
I
J − iθαχ˜β
I
J − iθβχ˜α
I
J +
i
2
θ2F˜αβ
I
J , (2.25)
3With the standard definition ΣA
B
≡
1
2
ωmnΣ
mnB
A , where Σ
mn = 1
4
[γm, γn], we note that
δγA
B
≡ ΣA
C
γC
B
−ΣC
B
γA
C = ωmnc
n
γ
mB
A .
Thus, γA
B is not Sp(4) invariant.
4In this section, we define a general tilde field Ψ˜ as Ψ˜IJ ≡ Ψ
KLfKL
I
J , where Ψ
KL can be a superfield
or an ordinary field.
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where the field strength is defined as
F˜αβ
I
J =
1
2
(∂α
γA˜γβ
I
J + ∂β
γA˜γα
I
J) +
1
2
[A˜α
γ , A˜γβ ]
I
J ; F˜µν
I
J =
1
2
(γµν)
αβF˜αβ
I
J . (2.26)
The superfield ΓKLµ = −
1
2γ
αβ
µ ΓKLαβ in Eq. (2.21) can be read off from Eq. (2.25) by re-
writing the field strength as a product of a field and the structure constants:
F˜αβ
I
J =
1
2
[∂α
γAKLγβ + ∂β
γAKLγα + (A˜α
γ)LMA
MK
γβ + (A˜β
γ)KMA
ML
γα ]fKL
I
J
≡ FKLαβ fKL
I
J . (2.27)
In the first line we have used the FI (2.5).
To be self-consistent, the covariant derivative Dα must satisfy the Jacobi identity:
[Dα, {Dβ ,Dγ}] + [Dβ, {Dγ ,Dα}] + [Dγ , {Dα,Dβ}] = 0. (2.28)
The Jacobi identity can be solved by introducing a superfield strength W˜α [43]:
[Dα,Dβγ ] = iǫαβW˜γ + iǫαγW˜β. (2.29)
By direct calculation, we obtain
W˜α
I
J = χ˜α
I
J + θ
βF˜αβ
I
J −
i
2
θ2(Dα
βχ˜β)
I
J
= [χKLα + θ
βFKLαβ −
i
2
θ2(Dα
βχβ)
KL]fKL
I
J
≡ WKLα fKL
I
J , (2.30)
with
(Dα
βχβ)
KLfKL
I
J ≡ [∂α
βχKLβ + (A˜α
β)LMχ
MK
β + (A˜α
β)KMχ
MJ
β ]fKL
I
J . (2.31)
In deriving the above equation, we have used the FI (2.5) again. Here we would like to
make one comment on the relation between the FI (2.5) and the anti-commutator (2.24)
and the Jacobi identity (2.28). Without consulting the FI, one would not be able to
derive Eq. (2.27) and write Γ˜αβ
I
J as Γ
KL
αβ fKL
I
J . This would be inconsistent with our
assumption (2.21) or the basic definition (2.2). Similarly, the superfield strength would
not take the form W˜α
I
J = W
KL
α fKL
I
J without the FI (see Eq. (2.30)). Recall that the
vector superconnection and the superfield strength are defined through (2.24) and (2.28),
respectively. So, had we not introduce the FI in Sec. 2.1, we would have to introduce the
FI in this subsection for making the 3-bracket (2.2) consistent with (2.24) and (2.28).
After gauging the symmetry (2.2) in the superspace, we are ready to construct an N =
1 CSM theory. A general N = 1 CSM theory consists of three parts: L = Lkin+LCS+LW ,
where Lkin is the Lagrangian of the kinetic terms of the matter fields, LCS the Chern-Simons
term and LW the superpotential. The first part Lkin is standard:
Lkin =
1
8
∫
d2θDαΦ¯AI DαΦ
I
A (2.32)
=
1
2
(−DµZ¯
A
I D
µZIA + iψ¯
A
I γµD
µψIA + 2ifIJKLγB
Aψ¯BKχIJZLA + F¯
A
I F
I
A).
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The covariant derivatives are given by
DµZ
A
I = ∂µZ
A
I − A˜µ
J
IZ
A
J , (2.33)
DµZ
I
A = ∂µZ
I
A + A˜µ
I
JZ
J
A. (2.34)
We propose the Chern-Simons term as
LCS =
1
8
∫
d2θ[−ifIJKLΓ
αIJWKLα +
1
3
fIJK
OfOLMNΓ
αIJΓβKLΓMNαβ ] (2.35)
=
1
2
ǫµνλ(fIJKLA
IJ
µ ∂νA
KL
λ +
2
3
fIJK
OfOLMNA
IJ
µ A
KL
ν A
MN
λ ) +
i
2
fIJKLχ
αIJχKLα .
The first part of the second line is precisely the ‘twisted’ Chern-Simons term in Ref. [38],
while the gaugino χ is just an auxiliary field, whose equation of motion is
χαIJ = −γB
AψαB(IZ
J)
A . (2.36)
Substituting it into (2.32) and (2.35) gives a Yukawa coupling:
−
i
2
ZIAZ
J
Bψ
K
C ψ
L
DfIKJLγ
ACγBD. (2.37)
Note that this term is not Sp(4) invariant, because the gamma matrix is not Sp(4) invariant
(see footnote 2).
Let us now consider the superpotentialW (Φ). It must satisfy two conditions. First, for
conformal invariance, the superpotential must be homogeneous and quartic in Φ; schemat-
ically, W (Φ) ∼ ΦΦΦΦ. Second, after combining (2.37) with the Yukawa terms arising from
W (Φ), the final expression must be Sp(4) invariant. Before proposing W (Φ), it is useful
to look at the structure of (2.37): it contains γACγBD. The essential observation is that
γ[ACγBD] has to be proportional to the totally antisymmetric (invariant) tensor εABCD,
since this tensor is unique in Sp(4). The precise expression is
− εABCD = γACγBD − γBCγAD + γBAγCD (2.38)
= ωABωCD − ωACωBD + ωADωBC .
Namely, our problem may be solved if the final expression for (2.37) plus the Yukawa terms
arising fromW (Φ) is somehow related to (2.38). So we are inspired to propose the following
superpotential
W (Φ) =
1
4
(gIJKLω
ABωCDΦIAΦ
J
BΦ
K
CΦ
L
D + g˜IJKLγ
ABγCDΦIAΦ
J
BΦ
K
CΦ
L
D), (2.39)
where the 3-algebra tensor g satisfies gIJKL = −gJIKL = −gIJLK = gKLIJ , and g˜ has
the same symmetry properties. We require that the tensors g and g˜ are gauge invariant.
This implies that g and g˜ can be expressed in terms of ωIJ and fIJKL, the only two gauge
invariant quantities. After carrying out the Berezin integration i2
∫
d2θW (Φ), we obtain
LW = −
i
2
ZIAZ
J
Bψ
K
C ψ
L
D(gIJKLω
ABωCD + 2gIKJLγ
ACγBD + g˜IJKLγ
ABγCD + 2g˜IKJLω
ACωBD)
−(gIJKLω
ABωCD + g˜IJKLγ
ABγCD)ZJBZ
K
C Z
L
DF
I
A. (2.40)
– 9 –
The first and last term of the first line are already Sp(4) invariant. Combining the middle
two terms of the first line with (2.37) gives
−
i
2
ZIAZ
J
Bψ
K
C ψ
L
D[(2gIKJL + fIKJL)γ
ACγBD + g˜IJKLγ
ABγCD]. (2.41)
Since we wish to use Eq. (2.38), we first have to anti-symmetrize AB in the expression
γACγBD. Equivalently, we have to set the part proportional to Z
(I
(AZ
J)
B) to be zero:
gIKJL + gJKIL +
1
2
fIKJL +
1
2
fJKIL = 0. (2.42)
Now the remaining part of (2.41) is antisymmetric in AB:
i
2
ZIAZ
J
Bψ
K
C ψ
L
D[(2gIKJL + fIKJL)γ
C[AγB]D − g˜IJKLγ
ABγCD]. (2.43)
It can be seen that if we set
g˜IJKL = −
1
2
(gIKJL − gJKIL +
1
2
fIKJL −
1
2
fJKIL) (2.44)
and apply the key identity (2.38), then Eq. (2.43) becomes
i
2
ZIAZ
J
Bψ
K
C ψ
L
Dg˜IJKL(ω
ABωCD − ωACωBD + ωADωBC). (2.45)
Now Eq. (2.45) is manifestly Sp(4) invariant. However we still need to solve (2.42) and
(2.44) in terms of fIJKL and ωIJ . An equation similar to (2.42) is first derived by GW
[31]:
gIKJL + gJKIL +
3
4
kmnτ
m
IKτ
n
JL +
3
4
kmnτ
m
JKτ
n
IL = 0, (2.46)
where the set of matrices τmIK is in the fundamental representation of Sp(2L) or its subal-
gebra, and kmn is the Killing-Cartan metric. Although the (N = 4) GW theory is not an
N = 5 theory, the similarity between (2.42) and (2.46) strongly suggests that fIJKL can be
specified as kmnτ
m
IJτ
n
KL (up to an unimportant constant). This is indeed the case: the FI
(2.5) does admit an explicit solution in terms of the tensor product fIJKL = kmnτ
m
IJτ
n
KL.
It is straightforward to verify that fIJKL = kmnτ
m
IJτ
n
KL satisfy the FI (2.5). This solution
is first found by Gustavsson by converting the FI into two independent commutators of
ordinary Lie algebra [15]. Later we will discuss the relations between the 3-algebra and
the ordinary Lie algebra in details. Eq. (2.42) can be easily solved by adopting a method
in Ref. [31]. Summing (2.42) over cyclic permutations of IKJ gives
f(IKJ)L = 0, or fI(KJL) = 0. (2.47)
This is precisely (2.15), as we stated earlier. The above equation is also derived by requiring
that theN = 5 supersymmetry transformations are closed on-shell [38]. Eq. (2.42) is solved
by setting
gIKJL =
1
6
(fIJKL − fILKJ). (2.48)
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Substituting (2.48) into (2.44), we obtain
g˜IJKL =
1
3
(fILJK − fIKJL). (2.49)
Substituting (2.49) into (2.45), then combining (2.45) with the first and the last term of
the first line of (2.40), we reach the final expression for all Yukawa terms:
−
i
2
ωABωCDfIJKL(Z
I
AZ
K
B ψ
J
Cψ
L
D − 2Z
I
AZ
K
Dψ
J
Cψ
L
B). (2.50)
Finally we integrate out the auxiliary field F IA appearing in (2.32) and (2.40):
F¯AI =
1
3
fIKLJω
BCωADZKB Z
L
CZ
J
D −
2
3
fIKLJγ
BCγADZKB Z
L
CZ
J
D. (2.51)
Now it is straightforward to calculate the bosonic potential:
−
1
2
F¯AI F
I
A =
1
18
fIJKOf
O
LMN (−ω
ACωBEωDF + 2ωACγBEγDF
+2ωDFγACγBE − 4ωBEγACγDF )ZIAZ
J
BZ
K
C Z
L
DZ
M
E Z
N
F . (2.52)
Note that V = 12 F¯
A
I F
I
A is positive definite, though it is not manifestly Sp(4) invariant due
to the presence of the gamma matrix. However, by taking advantage of the key identity
(2.38) and the constraint condition f(IJK)L = 0, we are able to prove that (2.52) is indeed
Sp(4) invariant (see appendix B). The final expression for the bosonic potential is
V = −
1
60
(2fIJK
OfOLMN − 9fKLI
OfONMJ + 2fIJL
OfOKMN)Z
N
A Z
AIZJBZ
BKZLCZ
CM .
(2.53)
In summary, the full Lagrangian in terms of the symplectic 3-algebra is given by
L =
1
2
(−DµZ¯
A
I D
µZIA + iψ¯
A
I γµD
µψIA)
−
i
2
ωABωCDfIJKL(Z
I
AZ
K
B ψ
J
Cψ
L
D − 2Z
I
AZ
K
Dψ
J
Cψ
L
B)
+
1
2
ǫµνλ(fIJKLA
IJ
µ ∂νA
KL
λ +
2
3
fIJK
OfOLMNA
IJ
µ A
KL
ν A
MN
λ ) (2.54)
+
1
60
(2fIJK
OfOLMN − 9fKLI
OfONMJ + 2fIJL
OfOKMN)Z
N
A Z
AIZJBZ
BKZLCZ
CM .
This Lagrangian is exactly the same as the N = 5 Lagrangian derived by requiring that
the supersymmetry transformations are closed on-shell [38]. Using the reality condition
(2.14), one can recast the potential term into the following form:
V =
2
15
(ΥLABC)
∗ΥLABC , (2.55)
where
ΥLABC ≡ fIJK
L(ZIAZ
J
BZ
K
C +
1
4
ωBCZ
I
AZ
J
DZ
DK). (2.56)
Now the potential term is manifestly positive definite.
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Let us consider the supersymmetry transformations. The N = 1 supersymmetry
transformation of the scalar field is
δQZ
I
A = iǫ
αγA
BψIαB . (2.57)
On the other hand, the action (2.54) is invariant under the Sp(4) global symmetry trans-
formation
δRZ
I
A = ΣA
BZIB , δRψ
I
A = ΣA
BψIB . (2.58)
Therefore one can consider the commutator of δR and δQ:
[δR, δQ]Z
I
A = iǫ
α(γA
BΣB
C − ΣA
BγB
C)ψIαC . (2.59)
So the N = 1 supersymmetry does not commute with the Sp(4) global symmetry. Since
the matrix γA
B contains four independent real parameters, equation (2.59) suggests that
there are other 4 independent N = 1 supersymmetries. Therefore one may promote the
N = 1 supersymmetry (2.57) to N = 5:
δZIA = iǫA
BαψIBα, (2.60)
where the parameter ǫA
Bα = ǫαmγ
m
A
B . One may apply the same argument to the super-
symmetry transformations of the fermionic and gauge fields. In summary, we have the
following supersymmetry transformations:
δZIA = iǫA
BαψIBα,
δψIAα = (γ
µ)α
βDµZ
I
Bǫ
B
Aβ +
1
3
f IJKLω
BCZJBZ
K
C Z
L
Dǫ
D
Aα −
2
3
f IJKLω
BDZJCZ
K
DZ
L
Aǫ
C
Bα,
δA˜µ
K
L = iǫ
ABα(γµ)α
βψJBβZ
I
AfIJ
K
L, (2.61)
where the parameter ǫAB is antisymmetric in AB, satisfying
ωABǫ
AB = 0,
ǫ∗AB = ω
ACωBDǫCD. (2.62)
The supersymetry transformations are precisely the ones proposed in Ref. [38]. To verify
the mechanism for enhancing the N = 1 to N = 5, it is best to check the closure of
(2.61). Fortunately, the closure of (2.61) has been checked explicitly in Ref. [38]: they are
indeed closed on-shell, and the corresponding equations of motion can be derived from the
Lagrangian (2.54). So the R-symmetry of the theories is Sp(4).
3. The N = 4 Theories and Symplectic Three-Algebras
3.1 N = 4 Theories by Starting from N = 5 Theories
In this section, we will construct the N=4 theories by decomposing the N = 5 supermulti-
plets and the symplectic 3-algebra properly and proposing a new superpotential term that
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preserving only N = 4. Let us first decompose the N = 5 super-fields for matter fields
into N = 4 super-fields:
(ΦIA)N=5 =
(
ΦaA
Φa
′
A˙
)
=
(
ZaA
Za
′
A˙
)
+ i
(
0 σA
A˙
σ†
A˙
A 0
)(
ψa
′
A
ψa
A˙
)
−
i
2
θ2
(
F aA
F a
′
A˙
)
. (3.1)
The index A of the LHS runs from 1 to 4, while A and A˙ of the RHS run from 1 to 2. (For
the dotted and un-dotted representation, see Appendix A.3.) The indices a and a′ run
from 1 to 2M and 1 to 2N , respectively. The superfields Φa
A˙
and Φa
′
A˙
are called untwisted
and twisted hyper-multiplets, repsectively, in the literature [33] (from the N = 4 point of
view). The two antisymmetric matrices ωIJ and ωAB are decomposed as
ωIJ =
(
ωab 0
0 ωa
′b′
)
and ωAB =
(
ǫAB 0
0 ǫA˙B˙
)
(3.2)
respectively. Now the reality condition (Φ¯AI )N=5 = ω
ABωIJΦ
J
B becomes
Φ¯Aa = ǫ
ABωabΦ
b
B and Φ¯
A˙
a′ = ǫ
A˙B˙ωa′b′Φ
b′
B˙
. (3.3)
To be compatible with the decomposition of the N = 5 hype-multiplets (3.1), one may
decompose the N = 5 super-connections as
ΓIJfIJ
K
L =
(
Γabfab
c
d + Γ
a′b′fa′b′
c
d 0
0 Γa
′b′fa′b′
c′
d′ + Γ
abfab
c′
d′
)
, (3.4)
where
Γabfab
c
d = (iθ
βAabαβ + θ
2χabα )fab
c
d, (3.5)
and the other 3 superfields of the RHS of (3.4) have similar expressions. In proposing
(3.4), we have decomposed the set of 3-algebra generators TI into two sets of generators
Ta and Ta′ , and decomposed the 3-bracket (2.1) into 4 sets, with the structure constants
fabc
d, fabc′
d′ , fa′b′c
d and fa′b′c′
d′ . We have also decomposed the parameter superfield ΓIJ
into two superfields Γab and Γa
′b′ .
If we introduce a ‘spin up’ spinor χ1α and a ‘spin down’ spinor χ2α, i.e.,
5
χ1α =
(
1
0
)
= δ1α and χ2α =
(
0
1
)
= δ2α, (3.6)
then in component formalism, we now have
fIJKL = fabcdδ1αδ1βδ1γδ1δ + fabc′d′δ1αδ1βδ2γδ2δ + fa′b′cdδ2αδ2βδ1γδ1δ + fa′b′c′d′δ2αδ2βδ2γδ2δ ,
(3.7)
(Here we assume that (fabcd − fabc′d′) does not vanish identically.) and
ΓIJ = Γabδ1αδ1β + Γ
a′b′δ2αδ2β. (3.8)
5Here the index α is not an index of a spacetime spinor. We hope this will not cause any confusion.
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Substituting (3.7) and (3.8) into ΓIJfIJ
K
L indeed gives (3.4). With the decomposition
(3.7), the FI (2.5) are decomposed into 4 sets:
fabe
gfgfcd + fabf
gfegcd − fefd
gfabcg − fefc
gfabdg = 0,
fabe
gfgfc′d′ + fabf
gfegc′d′ − fefd′
g′fabc′g′ − fefc′
g′fabd′g′ = 0, (3.9)
fa′b′e
gfgfc′d′ + fa′b′f
gfegc′d′ − fefd′
g′fa′b′c′g′ − fefc′
g′fa′b′d′g′ = 0,
fa′b′e′
g′fg′f ′c′d′ + fa′b′f ′
g′fe′g′c′d′ − fe′f ′d′
g′fa′b′c′g′ − fe′f ′c′
g′fa′b′d′g′ = 0.
In accordance with Eq. (2.16), these structure constants enjoy the symmetry properties
fabcd = fbacd = fbadc = fcdab,
fabc′d′ = fbac′d′ = fbad′c′ = fc′d′ab, (3.10)
fa′b′c′d′ = fb′a′c′d′ = fb′a′d′c′ = fc′d′a′b′ .
The reality condition (2.14) is decomposed into
f∗ab
c
d = f
b
a
d
c, f
∗a′
b′
c
d = f
b′
a′
d
c, f
∗a′
b′
c′
d′ = f
b′
a′
d′
c′ . (3.11)
Under the condition that (fabcd − fabc′d′) does not vanish identically, decomposing the
constraint condition f(IJK)L = 0 results in f(abc)d = 0, f(a′b′c′)d′ = 0 and fabc′d′ = 0.
However, the condition fabc′d′ = 0 turns out to be too restrictive to allow any interaction
between the primed fields and the un-primed fields. So we have to give up the constraint
fabc′d′ = 0. Namely, we have to give up the constraint condition f(IJK)L = 0 as we
decompose fIJKL by Eq. (3.7). Later we will see, to construct an interesting N = 4 quiver
gauge theory, we need only to impose constraints on fabcd and fa′b′c′d′ :
f(abc)d = 0 and f(a′b′c′)d′ = 0, (3.12)
while fabc′d′ are un-constrained.
With these decompositions, the Lagrangian for the kinetic terms of the matter fields
(2.32) becomes
Lkin =
1
2
(−DµZ¯
A
a D
µZaA + iψ¯
A˙
a γ
µDµψ
a
A˙
− 2iσ†
B˙
Aψ¯B˙a χ˜
a
bZ
b
A + F¯
A
a F
a
A)
+
1
2
(−DµZ¯
A˙
a′D
µZa
′
A˙
+ iψ¯Aa′γ
µDµψ
a′
A − 2iσB
A˙ψ¯Ba′ χ˜
a′
b′Z
b′
A˙
+ F¯ A˙a′F
a′
A˙
), (3.13)
where
DµZ
A
d = ∂µZ
A
d − A˜µ
c
dZ
A
c ,
A˜µ
c
d = A
ab
µ fab
c
d +A
a′b′
µ fa′b′
c
d,
χ˜a
′
b′ = χ
cdfcd
a′
b′ + χ
c′d′fc′d′
a′
b′ , (3.14)
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and similar definitions for A˜µ
c′
d′ and χ˜
a
b; and the Chern-Simons term (2.35) becomes
LCS =
1
2
ǫµνλ(fabcdA
ab
µ ∂νA
cd
λ +
2
3
fabc
gfgdefA
ab
µ A
cd
ν A
ef
λ )
+
1
2
ǫµνλ(fa′b′c′d′A
a′b′
µ ∂νA
c′d′
λ +
2
3
fa′b′c′
g′fg′d′e′f ′A
a′b′
µ A
c′d′
ν A
e′f ′
λ ) (3.15)
+ǫµνλ(fabc′d′A
ab
µ ∂νA
c′d′
λ + fabc
gfgde′f ′A
ab
µ A
cd
ν A
e′f ′
λ + fabc′
g′fg′d′e′f ′A
ab
µ A
c′d′
ν A
e′f ′
λ )
+
i
2
(fabcdχ
abχcd + 2fabc′d′χ
abχc
′d′ + fa′b′c′d′χ
a′b′χc
′d′).
The equations of motion for the auxiliary field χ (2.36) is decomposed into two sets
χab = −σ†
A˙
BψA˙(aZ
b)
B ,
χa
′b′ = −σA
B˙ψA(a
′
Z
b′)
B˙
. (3.16)
Plugging (3.16) into (3.13) and (3.15) gives three Yukawa terms
−
i
2
(facbdσ
AC˙σBD˙ZaAZ
b
Bψ
c
C˙
ψd
D˙
+ fa′c′b′d′σ
†A˙Cσ†B˙DZa
′
A˙
Zb
′
B˙
ψc
′
Cψ
d′
D
+2fabc′d′σ
AB˙σ†C˙DZaAZ
c′
C˙
ψb
B˙
ψd
′
D). (3.17)
Alternatively, we can also obtain (3.17) by directly decomposing the N = 5 Yukawa term
(2.37). It can be seen that the last term of (3.17) is a mixed term, in which the primed
fields couple the un-primed fields through fabc′d′ . So we cannot obtain a non-trivial N = 4
superpotential by decomposing the N = 5 superpotential (2.40), because the N = 5
superpotential (2.40) is desired only if f(IJK)L = 0, which implies that fabc′d′ = 0 as we
decompose fIJKL by Eq. (3.7) under the condition that (fabcd − fabc′d′) does not vanish
identically. So we have to propose a new superpotential for the N = 4 theory, allowing
fabc′d′ 6= 0. However, unlike the last term of (3.17), the first two terms of (3.17) are un-
mixed terms. This inspires us to decompose the first term of the N = 5 superpotential
(2.39) with fa′c′bd and facb′d′ deleted from fIKJL (hence we denote the ‘modified’ structure
constants as f ′IKJL):
W1(Φ) =
1
12
(f ′IKJLω
ABωCDΦIAΦ
J
BΦ
K
CΦ
L
D)N=5
=
1
12
(facbdǫ
ABǫCDΦaAΦ
b
BΦ
c
CΦ
d
D + fa′c′b′d′ǫ
A˙B˙ǫC˙D˙Φa
′
A˙
Φb
′
B˙
Φc
′
C˙
Φd
′
D˙
). (3.18)
where
f ′IJKL = fabcdδ1αδ1βδ1γδ1δ + fa′b′c′d′δ2αδ2βδ2γδ2δ . (3.19)
Of course, the ‘modified’ structure constants f ′IKJL still satisfy the constraint condition
f ′(IKJ)L=0, which is equivalent to Eq. (3.12): f(acb)d = 0 and f(a′c′b′)d′ = 0. We will
prove that the first two terms of (3.17) combining the Yukawa terms arising from the
superpotential W1 (see (3.20)) are SU(2) × SU(2) invariant. Carrying out the Berezin
– 15 –
integral i2
∫
dθ2W1(Φ) gives
LW1 = −
i
6
(facbdǫ
ABǫC˙D˙ZaAZ
b
Bψ
c
C˙
ψd
D˙
+ fa′c′b′d′ǫ
A˙B˙ǫCDZa
′
A˙
Zb
′
B˙
ψc
′
Cψ
d′
D)
−
i
6
[(fabcd − fadcb)σ
AC˙σBD˙ZaAZ
b
Bψ
c
C˙
ψd
D˙
+ (fa′b′c′d′ − fa′d′c′b′)σ
†A˙Cσ†B˙DZa
′
A˙
Zb
′
B˙
ψc
′
Cψ
d′
D ]
−
1
3
(fabcdZ
b
BZ
BcZAdF aA + fa′b′c′d′Z
b′
B˙
ZB˙c
′
ZA˙d
′
F a
′
A˙
). (3.20)
Let us now combine the first term of (3.17) and the first term of the second line of (3.20):
−
i
6
[3facbd + (fabcd − fadcb)]σ
AC˙σBD˙ZaAZ
b
Bψ
c
C˙
ψd
D˙
= −
i
6
(facbd − fbcad)(σ
AC˙σBD˙ − σBC˙σAD˙)ZaAZ
b
Bψ
c
C˙
ψd
D˙
= −
i
3
facbdǫ
ABǫC˙D˙ZaAZ
b
Bψ
c
C˙
ψd
D˙
. (3.21)
In the second line we have used f(abc)d = 0. In the third line we have used the SU(2)×SU(2)
identity (A.26). It can be seen that the final expression of (3.21) is indeed SU(2)× SU(2)
invariant. Similarly, one can combine the second term of (3.17) and the second term of the
second line of (3.20) to form an SU(2)× SU(2) invariant expression:
−
i
3
fa′c′b′d′ǫ
A˙B˙ǫCDZa
′
A˙
Zb
′
B˙
ψc
′
Cψ
d′
D , (3.22)
where we have used the reality condition (A.23). Now only the last term of (3.17), i.e. the
mixed term, is not SU(2)× SU(2) invariant. Its structure suggests that if a Yukawa term
of the form
ifabc′d′σ
DB˙σ†C˙AZaAZ
c′
C˙
ψb
B˙
ψd
′
D (3.23)
arises from a to-be-determined superpotential, then they will add up to be SU(2)×SU(2)
invariant by the reality condition (A.23) and the identity (A.26). It is therefore natural to
try
W2(Φ) = αfabc′d′σ
BD˙σ†C˙AΦaAΦ
b
BΦ
c′
C˙
Φd
′
D˙
, (3.24)
where α is a constant, to be determined later. The corresponding Lagrangian is
LW2 = iαfabc′d′(ǫ
ACǫBDZaAZ
b
Bψ
c′
Cψ
d′
D + ǫ
A˙C˙ǫB˙D˙ψa
A˙
ψb
B˙
Zc
′
C˙
Zd
′
D˙
+ 2ǫACǫB˙D˙ZaAZ
d′
D˙
ψb
B˙
ψc
′
C )
+2iαfabc′d′σ
DB˙σ†C˙AZaAZ
c′
C˙
ψb
B˙
ψd
′
D
−2αfabc′d′σ
BD˙σ†C˙AZbBZ
c′
C˙
Zd
′
D˙
F aA − 2αfabc′d′σ
BD˙σ†C˙AZaAZ
b
BZ
d′
D˙
F c
′
C˙
. (3.25)
Note that the first line is SU(2) × SU(2) invariant by itself. Comparing the second line
with (3.23) gives α = 12 . Combining the last term of (3.17) and the second line of (3.25),
we obtain
ifabc′d′ǫ
ADǫB˙C˙ZaAZ
c′
C˙
ψb
B˙
ψd
′
D , (3.26)
which is the desired result. Now all Yukawa terms are invariant under the SU(2)× SU(2)
global symmetry transformation. Put all Yukawa terms (the first line of (3.20), (3.21),
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(3.22), (3.26) and the first line of (3.25)) together:
LY = −
i
2
(facbdZ
a
AZ
Abψc
B˙
ψB˙d + fa′c′b′d′Z
a′
A˙
ZA˙b
′
ψc
′
Bψ
Bd′)
+
i
2
fabc′d′(Z
a
AZ
b
Bψ
Ac′ψBd
′
+ Zc
′
A˙
Zd
′
B˙
ψA˙aψB˙b + 4ZaAZ
B˙d′ψb
B˙
ψAc
′
).
To calculate the bosonic potential, we first integrate out the auxiliary fields F aA and
F a
′
A˙
from (3.13), (3.20) and (3.25):
F¯Aa =
1
3
fabcdZ
b
BZ
BcZAd + fabc′d′σ
BD˙σ†C˙AZbBZ
c′
C˙
Zd
′
D˙
≡WA1a +W
A
2a,
F¯ A˙a′ =
1
3
fa′b′c′d′Z
b′
B˙
ZB˙c
′
ZA˙d
′
+ fa′b′cdσ
†B˙DσCA˙Zb
′
B˙
ZcCZ
d
D ≡W
A˙
1a′ +W
A˙
2a′ . (3.27)
The bosonic potential is
− V = −
1
2
(F¯Aa F
a
A + F¯
A˙
a′F
a′
A˙
), (3.28)
which is not manifestly SU(2)×SU(2) invariant due to the presence of the sigma matrices.
However, by using the fundamental identities (3.9) and a method first introduced in GW
theory [31] (see also [32]), we are able to re-write (3.28) so that it has a manifest SU(2)×
SU(2) global symmetry. For example, let us consider
−WA1aW
a
2A = −
1
3
fabcdf
a
ec′d′σ
AC˙σCD˙ZbBZ
BcZdAZ
e
CZ
c′
C˙
Zd
′
D˙
= −
1
3
{fcda(bf
a
e)c′d′ + fcda[bf
a
e]c′d′}σ
AC˙σCD˙ZbBZ
BcZdAZ
e
CZ
c′
C˙
Zd
′
D˙
≡ S +A. (3.29)
The antisymmetric part can be written as
A =
1
6
fcdabf
a
ec′d′σ
AC˙σCD˙ZBbZeBZ
c
CZ
d
AZ
c′
C˙
Zd
′
D˙
. (3.30)
Applying the constraint condition f(cdb)a = 0 to the above potential term, we obtain
A = −
1
3
fcdaef
a
bc′d′σ
AC˙σCD˙ZbBZ
BcZdAZ
e
CZ
c′
C˙
Zd
′
D˙
. (3.31)
Combining this with −WA1aW
a
2A (the first line of (3.29)) gives
−WA1aW
a
2A +A = 2S. (3.32)
Solving for −WA1aW
a
2A, we obtain
−WA1aW
a
2A = −
1
2
fcda(bf
a
e)c′d′σ
AC˙σCD˙ZbBZ
BcZdAZ
e
CZ
c′
C˙
Zd
′
D˙
. (3.33)
Let us now consider another term of (3.28):
−
1
2
W A˙2a′W
a′
2A˙
=
1
2
fcdb′a′f
a′
e′fgσ
DB˙σAF˙Zb
′
B˙
Ze
′
F˙
ZcCZ
d
DZ
CfZgA (3.34)
=
1
2
(fcda′(b′f
a′
e′)fg + fcda′[b′f
a′
e′]fg)σ
DB˙σAF˙Zb
′
B˙
Ze
′
F˙
ZcCZ
d
DZ
CfZgA.
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Combining this equation with (3.33), the symmetric part cancels (3.33) by the second
equation of the fundamental identities (3.9), while the antisymmetric part is SU(2)×SU(2)
invariant by the identity (A.26). The final result is
−WA1aW
a
2A −
1
2
W A˙2a′W
a′
2A˙
= −
1
4
fabc′g′f
g′
d′efZ
A˙c′Zd
′
A˙
ZbDZ
DfZaCZ
Ce. (3.35)
One can apply the same method to the other terms of (3.28). The final expression for the
N = 4 bosonic potential is
−V = +
1
12
(fabcgf
g
defZ
AaZbBZ
B(cZ
d)
C Z
CeZfA + fa′b′c′g′f
g′
d′e′f ′Z
A˙a′Zb
′
B˙
ZB˙(c
′
Z
d′)
C˙
ZC˙e
′
Zf
′
A˙
)
−
1
4
(fabc′g′f
g′
d′efZ
A˙c′Zd
′
A˙
ZbDZ
DfZaCZ
Ce + fa′b′cgf
g
de′f ′Z
AcZdAZ
b′
D˙
ZD˙f
′
Za
′
C˙
ZC˙e
′
)
(3.36)
In summary, the full N = 4 Lagrangian is given by
L =
1
2
(−DµZ¯
A
a D
µZaA −DµZ¯
A˙
a′D
µZa
′
A˙
+ iψ¯A˙a γ
µDµψ
a
A˙
+ iψ¯Aa′γ
µDµψ
a′
A )
−
i
2
(facbdZ
a
AZ
Abψc
B˙
ψB˙d + fa′c′b′d′Z
a′
A˙
ZA˙b
′
ψc
′
Bψ
Bd′)
+
i
2
fabc′d′(Z
a
AZ
b
Bψ
Ac′ψBd
′
+ Zc
′
A˙
Zd
′
B˙
ψA˙aψB˙b + 4ZaAZ
B˙d′ψb
B˙
ψAc
′
)
+
1
2
ǫµνλ(fabcdA
ab
µ ∂νA
cd
λ +
2
3
fabc
gfgdefA
ab
µ A
cd
ν A
ef
λ )
+
1
2
ǫµνλ(fa′b′c′d′A
a′b′
µ ∂νA
c′d′
λ +
2
3
fa′b′c′
g′fg′d′e′f ′A
a′b′
µ A
c′d′
ν A
e′f ′
λ )
+ǫµνλ(fabc′d′A
ab
µ ∂νA
c′d′
λ + fabc
gfgde′f ′A
ab
µ A
cd
ν A
e′f ′
λ + fabc′
g′fg′d′e′f ′A
ab
µ A
c′d′
ν A
e′f ′
λ )
+
1
12
(fabcgf
g
defZ
AaZbBZ
B(cZ
d)
C Z
CeZfA + fa′b′c′g′f
g′
d′e′f ′Z
A˙a′Zb
′
B˙
ZB˙(c
′
Z
d′)
C˙
ZC˙e
′
Zf
′
A˙
)
−
1
4
(fabc′g′f
g′
d′efZ
A˙c′Zd
′
A˙
ZbDZ
DfZaCZ
Ce + fa′b′cgf
g
de′f ′Z
AcZdAZ
b′
D˙
ZD˙f
′
Za
′
C˙
ZC˙e
′
).
(3.37)
Using the same argument given in Sec. 2.2, we may promote the N = 1 supersymmetry
transformations to N = 4:
δZaA = iǫA
A˙ψa
A˙
,
δZa
′
A˙
= iǫ†
A˙
Aψa
′
A ,
δψa
′
A = −γ
µDµZ
a′
B˙
ǫA
B˙ −
1
3
fa
′
b′c′d′Z
b′
B˙
ZB˙c
′
Zd
′
C˙
ǫA
C˙ + fa
′
b′cdZ
b′
A˙
ZBcZdAǫB
A˙,
δψa
A˙
= −γµDµZ
a
Bǫ
†
A˙
B −
1
3
fabcdZ
b
BZ
BcZdCǫ
†
A˙
C + fabc′d′Z
b
AZ
B˙c′Zd
′
A˙
ǫ†
B˙
A,
δA˜µ
c
d = iǫ
AB˙γµψ
b
B˙
ZaAfab
c
d + iǫ
†A˙Bγµψ
b′
BZ
a′
A˙
fa′b′
c
d,
δA˜µ
c′
d′ = iǫ
AB˙γµψ
b
B˙
ZaAfab
c′
d′ + iǫ
†A˙Bγµψ
b′
BZ
a′
A˙
fa′b′
c′
d′ , (3.38)
where the parameter satisfies the reality condition
ǫ†A˙
B = −ǫBCǫA˙B˙ǫC
B˙ . (3.39)
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It is still necessary to verify the closure of the N = 4 superalgebra; this will be done in the
next subsection. The ordinary Lie algebra counterparts of the Lagrangian (3.37) and the
supersymmetry transformaitons (3.38) are first constructed in Ref. [32]. If fabc′d′ = fabcd,
then fabc′d′ also satisfy the constraint equation, i.e. f(abc′)d′ = 0. In this special case,
the N = 4 supersymmetry will be enhanced to N = 5. Therefore without the twisted
hypermultiplet, it is impossible to enhance the N = 4 supersymmetry to N = 5; as a
result, the N = 4 supersymmetry cannot be promoted to N = 6, 8. Indeed, in Ref. [32], it
was demonstrated that the N = 4 theory with an SU(2)×SU(2) gauge group is equivalent
to the N = 8 BLG theory after adding the twisted hypermultiplet.
In a forthcoming paper [44], we will convert the N = 4 theories (based on the 3-
algebras) into general N = 4 theories in terms of ordinary Lie (2-)algebras, using superal-
gebras to realize the 3-algebras. The method will be generalized to construct N = 4 quiver
gauge theories [44]. There are a special class of N = 4 theories, with a circular quiver
gauge diagram [32, 44]:
· · · − U(Ni−1)− U(Ni)− U(Ni+1)− · · · . (3.40)
(The above diagram is only a part of the circular quiver gauge diagram.) This class ofN = 4
theories have been conjectured to be the gauge descriptions of multi M2-branes in orbifold
(C2/Zp×C
2/Zq)/Zk, where p (q) is the number of the un-twisted (twisted) hypermultiplets,
and k the Chern-Simons level [45]. Their gravity duals have been investigated in Ref. [45].
To our knowledge, most of the gravity duals of the N = 4 quiver gauge theories are not
found yet. We would like to construct their gravity duals in the future.
If one sets the twisted hypermultiplet to be zero, i.e., Φa
′
A˙
= 0, then (3.37) and (3.38)
become the Lagrangian and the supersymmetry law of the GW theory [31], respectively,
in the 3-algebra approach:
L =
1
2
(−DµZ¯
A
a D
µZaA + iψ¯
A˙
a γ
µDµψ
a
A˙
)−
i
2
facbdZ
a
AZ
Abψc
B˙
ψB˙d
+
1
2
ǫµνλ(fabcdA
ab
µ ∂νA
cd
λ +
2
3
fabc
gfgdefA
ab
µ A
cd
ν A
ef
λ )
+
1
12
fabcgf
g
defZ
AaZbBZ
B(cZ
d)
C Z
CeZfA, (3.41)
and
δZaA = iǫA
A˙ψa
A˙
,
δψa
A˙
= −γµDµZ
a
Bǫ
†
A˙
B −
1
3
fabcdZ
b
BZ
BcZdCǫ
†
A˙
C ,
δA˜µ
c
d = iǫ
AB˙γµψ
b
B˙
ZaAfab
c
d.
(3.42)
3.2 Closure of the N=4 Algebra
The closure of the algebra of the GW theory was checked in [31]. To our knowledge, there
is no explicit check in the literature for the closure of the N = 4 algebra after adding the
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twisted hypermultiplets into the GW theory. Here we present such a check by starting
with the supersymmetry transformation of the scalar fields:
[δ1, δ2]Z
a
A = v
µDµZ
a
A +
1
3
fabcdZ
b
BZ
c
CZ
d
DǫAEǫ
BCuED
+ifabc′d′Z
BbZB˙c
′
ZA˙d
′
(ǫ2AA˙ǫ
†
1B˙B
− ǫ1AA˙ǫ
†
2B˙B
), (3.43)
where
vµ ≡ iǫ†
1A˙
Bγµǫ2B
A˙, uED ≡ i(ǫEA˙1 ǫ
†
2A˙
D − ǫEA˙2 ǫ
†
1A˙
D). (3.44)
By using the identity ǫAEǫ
BC = −(δA
BδE
C − δE
BδA
C), the second term of the RHS of
(3.43) can be written as
−
1
3
fabcdZ
b
AZ
c
CZ
d
Du
CD +
1
3
fabcdZ
b
BZ
c
AZ
d
Du
BD. (3.45)
The second term is equal to the first term minus the second term by the constraint condition
fa(bcd) = 0:
1
3
fabcdZ
b
BZ
c
AZ
d
Du
BD = −
1
3
fabcdZ
b
AZ
c
CZ
d
Du
CD −
1
3
fabcdZ
b
BZ
c
AZ
d
Du
BD. (3.46)
Therefore the second term of the RHS of (3.43) is equal to
−
1
2
fabcdZ
c
CZ
d
Du
CDZbA. (3.47)
By using the fourth equation of (A.27), the second line of the RHS of (3.43) becomes
−
1
2
fabc′d′Z
c′
A˙
Zd
′
B˙
uA˙B˙ZbA, (3.48)
where
uA˙B˙ ≡ i(ǫ†A˙C1 ǫ2C
B˙ − ǫ†A˙C2 ǫ1C
B˙). (3.49)
In summary, we have
[δ1, δ2]Z
a
A = v
µDµZ
a
A + Λ˜
a
bZ
b
A. (3.50)
While the first is the familiar covariant derivative, the second term is a gauge transformation
by a parameter
Λ˜ab ≡ −
1
2
fabcdZ
c
CZ
d
Du
CD −
1
2
fabc′d′Z
c′
A˙
Zd
′
B˙
uA˙B˙ . (3.51)
Similarly, we have
[δ1, δ2]Z
a′
A˙
= vµDµZ
a′
A˙
+ Λ˜a
′
b′Z
b′
A˙
, (3.52)
where the parameter Λ˜a
′
b′ is defined as
Λ˜a
′
b′ ≡ −
1
2
fa
′
b′c′d′Z
c′
C˙
Zd
′
D˙
uC˙D˙ −
1
2
fa
′
b′cdZ
c
AZ
d
Bu
AB. (3.53)
– 20 –
Let us now examine the supersymmetry transformation of the gauge fields:
[δ1, δ2]A˜µ
a
b = v
νF˜νµ
a
b −DµΛ˜
a
b
+vν{F˜µν
a
b − εµνλ[(Z
c
AD
λZ¯Ad −
i
2
ψ¯B˙cγλψd
B˙
)fcd
a
b
+(Zc
′
A˙
DλZ¯A˙d
′
−
i
2
ψ¯Bc
′
γλψd
′
B )fc′d′
a
b]}
+O(Z4). (3.54)
The last term O(Z4), which is fourth order in the scalar fields Z, vanishes by the FI (3.9).
The second line and the third line must be the equations of motion for the gauge fields:
F˜µν
a
b = εµνλ[(Z
c
AD
λZ¯Ad −
i
2
ψ¯B˙cγλψd
B˙
)fcd
a
b + (Z
c′
A˙
DλZ¯A˙d
′
−
i
2
ψ¯Bc
′
γλψd
′
B )fc′d′
a
b], (3.55)
while the first line remains:
[δ1, δ2]A˜µ
a
b = v
νF˜νµ
a
b −DµΛ˜
a
b. (3.56)
The first term is a covariant translation; the second term is a gauge transformation, as
expected. Similarly, we have
[δ1, δ2]A˜µ
a′
b′ = v
ν F˜νµ
a′
b′ −DµΛ˜
a′
b′ , (3.57)
and
F˜µν
a′
b′ = εµνλ[(Z
c′
A˙
DλZ¯A˙d
′
−
i
2
ψ¯Bc
′
γλψd
′
B )fc′d′
a′
b′+(Z
c
AD
λZ¯Ad−
i
2
ψ¯B˙cγλψd
B˙
)fcd
a′
b′ ]. (3.58)
Finally we examine the fermion supersymmetry transformation:
[δ1, δ2]ψ
a
A˙
= vµDµψ
a
A˙
+ Λ˜abψ
b
A˙
−
i
2
(ǫ†C˙B1 ǫ2BA˙ − ǫ
†C˙B
2 ǫ1BA˙)E
a
C˙
−
1
2
vνγ
νEa
A˙
, (3.59)
where
Ea
A˙
= γµDµψ
a
A˙
+ fcdb
aZbBZ
Bcψd
A˙
− fc′d′b
aZc
′
A˙
Zd
′
C˙
ψC˙b + 2fc′d′b
aZbBZ
c′
A˙
ψBd
′
. (3.60)
In order to achieve the closure of the algebra, we must impose the equations of motion for
the fermionic fields:
Ea
A˙
= 0. (3.61)
As a result, only the first line of (3.59) remains. Similarly, we obtain
[δ1, δ2]ψ
a′
A = v
µDµψ
a′
A + Λ˜
a′
b′ψ
b′
A,
and
0 = Ea
′
A = γ
µDµψ
a′
A + fc′d′b′
a′Zb
′
B˙
ZB˙c
′
ψd
′
A − fcdb′
a′ZcAZ
d
Cψ
Cb′ + 2fcdb′
a′Zb
′
B˙
ZcAψ
B˙d. (3.62)
One can derive all the equations of motion of as the Euler-Lagrangian equations from the
Lagrangian (3.37).
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4. Three-algebras, Lie superalgebras and Embedding Tensors
4.1 Three-algebras and Lie superalgebras
In this section, we will demonstrate that the symplectic 3-algebra can be realized in terms
of a super Lie algebra.
Recall that in Sec. 2.2, we note that fIJKL can be specified as kmnτ
m
IJτ
n
KL (up to an
unimportant constant), i.e.
fIJKL = kmnτ
m
IJτ
n
KL, (4.1)
where the set of matrices τmIK is in the fundamental representation of Sp(2L) or its subal-
gebra, and kmn is the Killing-Cartan metric.
Further more, the constraint condition f(IJK)L = 0 implies that f(IJK)L = kmnτ
m
(IJτ
n
K)L =
0. As GW pointed out [31], the constraint equation kmnτ
m
(IJτ
n
K)L = 0 can be solved in terms
of the Jacobi identity for following super Lie algebra: 6
[Mm,Mn] = CmnsM
s,
[Mm, QI ] = −τ
m
IJω
JKQK ,
{QI , QJ} = τ
m
IJkmnM
n. (4.2)
Namely, the QQQ Jacobi identity
[{QI , QJ}, QK ] + [{QJ , QK}, QI ] + [{QK , QI}, QJ ] = 0 (4.3)
is equivalent to the constraint equation kmnτ
m
(IJτ
n
K)L = 0. Therefore GW’s approach sug-
gests that the symplectic 3-algebra can be realized in terms of the super Lie algebra (4.2),
if we think of the 3-algebra generator TI as the fermionic generator QI . Comparing the
3-bracket [TI , TJ ;TK ] = fIJK
LTl with
[{QI , QJ}, QK ] = kmnτ
m
IJτ
n
K
LQL, (4.4)
and taking account of (4.1), we see that the 3-bracket may be realized in terms of the
double graded commutator
[TI , TJ ;TK ]
.
= [{QI , QJ}, QK ]. (4.5)
Here the RHS is also obviously symmetric in IJ . It is instructive to examine the FI (2.4)
with the 3-brackets replaced by the double graded commutators:
[{QI , QJ}, [{QM , QN}, QK ]] (4.6)
= [{[{QI , QJ}, QM ], QN}, QK ] + [{QM , [{QI , QJ}, QN ]}, QK ] + [{QM , QN}, [{QI , QJ}, QK ]].
By using the super Lie algebra (4.2), we obtain
τmIJτ
n
MN ([Mn, [Mm, QK ]]− [Mm, [Mn, QK ]] + [[Mm,Mn], QK ]) = 0, (4.7)
6This is not the D = 3 super-Pioncare algebra.
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which is equivalent to the MMQ Jacobi identity of the super Lie algebra (4.2). It is not
difficult to prove that kmnτ
m
IJτ
n
KL also enjoy the symmetry properties (2.16). So indeed
the symplectic 3-algebra can be realized in terms of the super Lie algebra. Now recall the
component formulism of the basic definition of the global transformation
δΛ˜X
K = ΛIJfIJ
K
LX
L. (4.8)
Replacing fIJ
K
L by kmnτ
m
IJτ
nK
L gives
δΛ˜X
K = ΛIJkmnτ
m
IJτ
nK
LX
L. (4.9)
From the ordinary Lie group point of view, this is a transformation with parameters
ΛIJkmnτ
m
IJ and generators τ
nK
L. On the other hand, the second equation of (4.2) in-
dicates that the fermionic generators furnish a representation of the bosonic part of the
super Lie algebra (4.2), i.e. the matrix τmIJ is a quaternion representation of M
m. There-
fore, the gauge group generated by the 3-algebra can be determined as follows: its Lie
algebra is just the bosonic part of the super Lie algebra (4.2), which must be Sp(2L) or
its sub-algebras. The representation of the matter fields is determined by the fermionic
generators of the super Lie algebra (4.2).
For a more mathematical approach, see Ref. [35, 40, 41], in which the relations between
the 3-algebras and Lie superalgebras are discussed by using Lie algebra representation
theories.
4.2 Three-algebras and Lie Algebras
It is less obvious that one can also prove that (4.1) is an explicit solution of the FI (2.5)
by using the QQM Jacobi identity of the super Lie algebra, which reads
[{QI , QJ},M
m]− {[QJ ,M
m], QI}+ {[M
m, QI ], QJ} = 0. (4.10)
After a short algebra we obtain
τnIJknp[M
p,Mm]− τmKJτ
n
KIknpM
p − τmKIτ
n
KJknpM
p = 0. (4.11)
Since the matrix τmIJ is a representation of M
m, the above equation implies
τnIJknp[τ
p, τm]MN − τ
mK
Jτ
n
KIknpτ
p
MN − τ
mK
Iτ
n
KJknpτ
p
MN = 0, (4.12)
where
[τp, τm]MN = τ
p
MOτ
mO
N − τ
m
MOτ
pO
N . (4.13)
Multiplying both sides by kmqτ
q
KL gives
knpτ
n
IJkmqτ
q
KL[τ
p, τm]MN − kmqτ
q
KLτ
mK
Jτ
n
KIknpτ
p
MN − kmqτ
q
KLτ
mK
Iτ
n
KJknpτ
p
MN = 0.
(4.14)
Rearranging the above equation verifies explicitly that (4.1) satisfies the FI (2.5). Appli-
cation of the commutator
[τm, τn]IJ = C
mn
pτ
p
IJ (4.15)
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to Eq. (4.14) gives
(knpkqmC
pm
s + kqmkspC
pm
n)τ
n
IJτ
q
KLτ
s
MN = 0. (4.16)
Here the equation in the bracket is simply the statement that the structure constants
C˜nqs = knpkqmC
pm
s (4.17)
are totally antisymmetric if the three adjoint indices nqs are on equal footing. Note that
kmn is an invariant bilinear form on the bosonic subalgebra, since Eq. (4.16) or (4.17) also
implies
[k,Cm] = 0. (4.18)
Here the matrices (Cm)pn = C
mp
n furnish the usual adjoint representation of the bosonic
subalgebra. In this way, we see that the FI of the 3-algebra can be converted into two
ordinary commutators (4.15) and (4.18) (this is first discovered in the second paper of Ref.
[15] with a different approach).
Eq. (4.9) indicates that fIJKL = kmnτ
m
IJτ
n
KL also furnish a quaternion representation of
the bosonic subalgebra. In fact, if we write fIJKL as (fIJ)KL, then fIJ is a set of matrices,
and corresponding matrix elements are (fIJ)KL. If τ
n
KL furnish a quaternion of representa-
tion of Mn, then (fIJ)KL furnish a quaternion representation of MIJ = kmnτ
m
IJM
n, since
the operator MIJ is a linear combination of M
n. With this understanding, we are able to
re-write the FI (2.5) as a commutator
[fIJ , fKL]MN = CIJ,KL
OP (fOP )MN
= (fIJK
OδPL + fIJL
OδPK)(fOP )MN
= −[fIJ , fMN ]KL. (4.19)
The third equation says that the quantity [fIJ , fKL]MN are totally antisymmetric in the
3 pairs of indices. Eq. (4.19) is equivalent to Eq. (4.15). Also, the matrices (fIJ)KL
satisfy the conventional Jacobi identity as a result of the MMM Jacobi identity of the
superalgebra of (4.2). We now must check whether C˜IJ,KL,MN = kMN,OPCIJ,KL
OP are
totally antisymmetric or not. To be consistent with the transformation MIJ = kmnτ
m
IJM
n,
we must transform the Killing-Cartan metric kmn as
kmn → kIJ,KL = kqmτ
q
IJkpnτ
p
KLk
mn = kmnτ
m
IJτ
n
KL = fIJKL. (4.20)
Namely the structure constants fIJKL also play a role of the Killing-Cartan metric kIJ,KL.
So we must use fMNOP to lower the OP indices of CIJ,KL
OP : 7
C˜IJ,KL,MN = fMNOPCIJ,KL
OP
= [fMN , fIJ ]KL. (4.21)
By the third equation of (4.19), the structure constants C˜IJ,KL,MN are indeed totally
antisymmetric in the 3 pairs of indices. Therefore Eq. (4.18) now takes the following form
[f,CIJ ] = 0 or [fMN , fIJ ]KL + [fKL, fIJ ]MN = 0, (4.22)
7This is a comment by E. Witten, quoted in the second paper of Ref. [15].
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which is nothing but the third equation of Eq. (4.19). Namely both Eq. (4.15) and Eq.
(4.18) can be written as the third equation of Eq. (4.19), if we express everything in terms
of the 3-algebra structure constants fIJKL.
Note that we use kmn to lower an adjoint index, while use ωIJ to lower a fundamental
index. If Eq. (4.1) holds, then Eq. (2.7) implies a compatible condition between kmn and
ωIJ . Eq. (2.7) is equivalent to knmτ
mK
I ωKJ + knmτ
mK
J ωIK = 0, i.e.
τ˜nIJ − knmωIKτ
mK
J = 0, (4.23)
where τ˜nIJ ≡ knmτ
m
IJ .
4.3 Three-Algebras and Embedding Tensors
In Ref. [29, 30], the authors derive some extended superconformal gauge theories by taking
a conformal limit of D = 3 gauged supergravity theories. In their approach, the embedding
tensor plays a crucial role. By definition, the embedding tensor θmn = θnm acts as a
projector [30]:
Dµ = ∂µ −A
m
µ θmnt
n, (4.24)
where tn is a set of independent generators. The above equation says that θmn projects
tn onto another set of generators t˜m = θmnt
n, whose symmetries are gauged. Let us now
consider the commutator
[t˜m, t˜n] = θmpθnsC
ps
qt
q. (4.25)
Since we expect that [t˜m, t˜n] = C˜mn
r t˜r, we must set
θmpθnsC
ps
q = C˜mn
rθrq. (4.26)
It is necessary to examine the Jacobi identity
[[t˜m, t˜n], t˜p] + [[t˜n, t˜p], t˜m] + [[t˜p, t˜m], t˜n]
= (C˜mn
sC˜sp
r + C˜np
sC˜sm
r + C˜pm
sC˜sn
r)θrqt
q
= (C lqrC
rs
t + C
qs
rC
rl
t + C
sl
rC
rq
t)θmlθnqθpst
t = 0. (4.27)
In the last line we have used (4.26). The last line is nothing but the Jacobi identity satisfied
by Cmnp. So Eq. (4.27) is indeed the desired result. To construct a physical theory, the
embedding tensor is required to be invariant under the transformations which are gauged.
Since the embedding tensor θmn carries two adjoint indices, we have to set
C˜nq
rθrs + C˜ns
rθqr = 0. (4.28)
Taking account of (4.26), the above equation is equivalent to
θnpθqmC
pm
s + θnpθsmC
pm
q = 0. (4.29)
This quadratic constraint takes the same form for all extended supergravity theories. We
will focus on the N = 5 case. If we represent the adjoint index m as a pair of fundamental
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indices IJ , the embedding tensor becomes θIJ,KL, satisfying the same symmetry properties
as fIJKL do (see (2.16)) [29]. To construct N = 5 supergravity theories, the embedding
tensor is required to satisfy the linear constraint:
θ(IJ,K)L = 0, (4.30)
and the structure constants in (4.29) are required to be those of Sp(2L) [29]. We observe
that if one identifies the embedding tensor θmn with the Killing-Cartan metric kmn, Eq.
(4.29) is precisely the same as Eq. (4.16), which is the FI satisfied by the 3-algebra structure
constants fIJKL = kmnτ
m
IJτ
n
KL. Recall that fIJKL also play the role of the Killing-Cartan
metric (see Sec. 4.2). So identifying the embedding tensor with the Killing-Cartan metric
is equivalent to identifying the embedding tensor with the 3-algebra structure constants.
With this identification, Eq. (4.30) is also solved since it is nothing but f(IJK)L = 0. We
are therefore led to the conclusion that fIJKL also play the role of the embedding tensor. It
is straightforward to generalize the discussion of this section to the cases with other values
of N .
In summary, if we realize the symplectic 3-algebra in terms of the superalgebra (4.2),
we find that fIJKL = kmnτ
m
IJτ
n
KL play four roles simultaneously:
• fIJKL are the structure constants of the symplectic 3-algebra or the double graded
commutator (4.4);
• fIJKL furnish a quaternion representation of the bosonic part of the superalgebra;
• fIJKL play the role of the Killing-Cartan metric;
• fIJKL are the components of the embedding tensor used to construct the D = 3
extended supergravity theories.
5. N=4, 5 Theories in Terms of Lie Algebras
The N = 4, 5 theories in Sec. 2 and 3 are constructed in terms of 3-algebras. After the dis-
cussions of the last section, we are ready to derive their ordinary Lie Algebra constructions
by the solution (4.1).
5.1 N = 5 Theories in Terms of Lie Algebras
With the solution
fIJKL = kmnτ
m
IJτ
n
KL, [τ
m, τn]IJ = C
mn
pτ
p
IJ , (5.1)
the gauge field becomes
A˜µ
K
L = A
IJ
µ fIJ
K
L = A
IJ
µ τ
m
IJkmnτ
nK
L ≡ A
m
µ kmnτ
nK
L. (5.2)
Following Ref. [31], we define the ‘momentum map’ and ‘current ’ operator as follows
µmAB ≡ τ
m
IJZ
I
AZ
J
B , j
m
AB ≡ τ
m
IJZ
I
Aψ
J
B . (5.3)
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Here A = 1, . . . , 4 is the fundamental index of the R-symmetry group Sp(4). Substituting
the (5.1) and (5.2) into the Lagrangian (2.54) gives
L =
1
2
(−DµZ¯
A
I D
µZIA + iψ¯
A
I γµD
µψIA)−
i
2
ωABωCDkmn(j
m
ACj
n
BD − 2j
m
ACj
n
DB)
+
1
2
ǫµνλ(kmnA
m
µ ∂νA
n
λ +
1
3
C˜mnpA
m
µ A
n
νA
p
λ) (5.4)
+
1
30
C˜mnpµ
mA
Bµ
nB
Cµ
pC
A +
3
20
kmpkns(τ
mτn)IJZ
AIZJAµ
pB
Cµ
sC
B .
Similarly, with the solution (5.1), the supersymmetry transformation law becomes
δZIA = iǫA
BψIB,
δψIA = γ
µDµZ
I
Bǫ
B
A +
1
3
kmnτ
mI
Jω
BCZJBµ
n
CDǫ
D
A −
2
3
kmnτ
mI
Jω
BDZJCµ
n
DAǫ
C
B,
δAmµ = iǫ
ABγµj
m
AB . (5.5)
Here the parameter ǫA
B obeys the traceless condition and the reality condition (2.62). The
N = 5 Lagrangian (5.4) and supersymmetry transformation law (5.5) are in agreement with
those given in Ref. [33], which were derived directly in terms of ordinary Lie algebra.
In section (4.1), we demonstrate that if the structure constants of the 3-algebra are
specified as (5.1), then the Lie algebra of the gauge group generated by the 3-algebra is
just the bosonic part of the superalgebra (4.2). The following classical super-Liealgebras:
U(M |N), OSp(M |2N), OSp(2|2N), F (4), G(3), D(2|1;α), (5.6)
(with α a continuous parameter) are of the same form as that of the superalgebra (4.2).
Therefore their bosonic parts can be selected to be the Lie algebras of the gauge groups
of the N = 5 theories. Especially, if we choose the U(M |N) or OSp(2|2N), whose bosonic
part is in the two conjugate representations (R ⊕ R¯), then the supersymmetry will get
enhanced to N = 6 [33]. In the case of OSp(M |2N), the theory has been conjectured to
be the dual gauge theory of M2-branes in orbifold C4/Dˆk, with Dˆk the binary dihedral
group [33, 34]. The gravity dual of this theory has been investigated in Ref. [34].
5.2 N = 4 GW Theory in Terms of Lie Algebras
Here we consider only the N = 4 GW theory without the ‘twisted’ hyper multiplets, i.e.,
setting Φa
′
A˙
= 0. Then with the solution for structure constants of the 3-algebra given by
fabcd = kmnτ
m
abτ
n
cd, [τ
m, τn]ab = C
mn
pτ
p
ab, (5.7)
which satisfy the FI’s as well as appropriate constraints and symmetry conditions, the
gauge fields of the GW theory become
A˜µ
c
d = A
ab
µ fab
c
d = A
ab
µ τ
m
abkmnτ
nc
d ≡ A
m
µ kmnτ
nc
d. (5.8)
Following Ref. [31], we define the ‘momentum map’ and ‘current ’ operators as follows
µmAB ≡ τ
m
abZ
a
AZ
b
B , j
m
AB˙
≡ τmabZ
a
Aψ
b
B˙
. (5.9)
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With Eqs (5.7) ∼ (5.9), Eqs. (3.41) and (3.42) become the Lagrangian and the supersym-
metry law of the GW theory in Ref. [31], respectively:
L =
1
2
ǫµνλ(kmnA
m
µ ∂νA
n
λ +
1
3
C˜mnpA
m
µ A
n
νA
p
λ) +
1
2
(−DµZ¯
A
a D
µZaA + iψ¯
A˙
a γ
µDµψ
a
A˙
)
−
i
2
kmnj
m
AB˙
jnAB˙ −
1
24
C˜mnpµ
mA
Bµ
nB
Cµ
pC
A, (5.10)
with C˜mnp = kmrknsC
rs
p and
δZaA = iǫA
A˙ψa
A˙
,
δψa
A˙
= −γµDµZ
a
Bǫ
†
A˙
B −
1
3
kmnτ
ma
bZ
b
Bµ
nB
Cǫ
†
A˙
C ,
δAmµ = iǫ
AB˙γµj
m
AB˙
. (5.11)
Since we derived the GW theory by decomposing the N = 5 theory and setting the twisted
mulitplets to zero, the classical superalgebras, that are used to realize the 3-algebra, must
be the same as those used in the N = 5 case, i.e.
U(M |N), OSp(M |2N), OSp(2|2N), F (4), G(3), D(2|1;α). (5.12)
Indeed, they are of the same form as that of the superalgebra (4.2). Therefore their bosonic
parts can be selected to be the Lie algebras of the gauge groups of the GW theory; and
the corresponding representations are determined by the fermionic generators.
For the cases [32, 33] with both un-twisted and twisted hyper-multiplets, a pair of
super Lie algebras are needed, which were discussed in a representation theory approach
in Ref. [35]. Since the situation is much more complicated, we leave the presentation of
these cases in terms of ordinary Lie algebras, as well as their generalizations, within our
superspace and super Lie algebra approach to a subsequent paper [44].
6. Conclusions
In this paper, we have combined the symplectic 3-algebra with the superspace formalism
by letting the matter superfields take values in the symplectic 3-algebra. Based on the
3-algebra, we then have constructed the general N = 5 CMS theory by enhancing the
N = 1 supersymmetry to N = 5. The N = 5 Lagrangian is same as the one derived with
an on-shell approach [38].
We have constructed the general N = 4 CSM theory by decomposing one N = 5 hy-
permultiplet into a N = 4 un-twisted hypermultiplet and a N = 4 twisted hypermultiplet,
and then proposing a new superpotential. In deriving the general N = 4 CSM theory, we
have also decomposed the set of 3-algebra generators into two sets of 3-algebra generators.
As a result, both the FI’s and 3-brackets are decomposed into 4 sets. The resulting general
N = 4 CSM theory is a quiver gauge theory based on the 3-algebra. We have also examined
the closure of the N = 4 algebra.
We then have realized the symplectic 3-algebra in terms of the super Lie algebra
(4.2). The 3-bracket is realized in terms of a double graded bracket: [TI , TJ ;TK ]
.
=
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[{QI , QJ}, QK ], where QI are the fermionic generators; the structure constants of the
3-algebra are just the structure constants of the double graded bracket, i.e., fIJKL =
kmnτ
m
IJτ
n
KL. The fundamental identity of the 3-algebra is equivalent to the MMQ Jacobi
identity of the super Lie algebra, where M ’s are the bosonic generators in the super Lie
algebra. The linear constraint equation f(IJK)L = 0, required by the enhancement of the
supersymmetry, is equivalent to the QQQ Jacobi identity.
We have also analyzed the relations between the symplectic 3-algebra and the ordinary
Lie algebra. The fundamental identity of 3-algebra can be solved in terms of a tensor
product: fIJKL = kmnτ
m
IJτ
n
KL. We have proved that the structure constants fIJKL furnish
a quaternion representation of the bosonic part of the super Lie algebra (4.2), and fIJKL
also play a role of Killing-Cartan metric. We found that the FI of the 3-algebra can be
converted into an ordinary commutator (4.19); the structure constants of the commutator
are (4.21). The FI of the 3-algebra can be understood as the statement that the structure
constants of the commutator (4.21) are total antisymmetric (see Eqs. (4.22)).
We have proved that the components of an embedding tensor [29, 30], used to construct
the D = 3 extended supergravity theories, are just the structure constants of the 3-algebra.
Hence the concepts and techniques of the 3-algebra may be used to construct new D = 3
extended supergravity theories.
The generalN = 5 CSM theories and theN = 4 GWCSM theories in terms of ordinary
Lie algebras are rederived, respectively, in our superspace approach. The presentation of
general N = 4 CSM theories is left for a subsequent paper [44]. In this way, we have been
able to derive all known N = 4, 5 superconformal Chern-Simons matter theories, as well
as some new N = 4 quiver gauge theories (to be presented in [44]). Thus our superspace
formulation for the super-Lie-algebra realization of symplectic 3-algebras provides a unified
treatment of all knownN = 4, 5, 6, 8 CSM theories, including new examples ofN = 4 quiver
gauge theories as well.
The extended (N ≥ 4) CSM theories can be also constructed by using N = 2, 3
superspace formulations in an ordinary Lie (2-)algebra approach [27, 46, 47]. The N =
2, 3 superspace formulations are more restrictive than the N = 1 formulation; hence the
calculations may be simplified, and it may be easier to enhance the supersymmetry from
N = 2 or N = 3 to N = 6, 8. It would be nice to construct the extended CSM theories by
using the N = 2, 3 superspace formulations in a 3-algebra approach.
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A. Conventions and Useful Identities
A.1 Spinor Algebra
In 1 + 2 dimensions, the gamma matrices are defined as
(γµ)α
γ(γν)γ
β + (γν)α
γ(γµ)γ
β = 2ηµνδα
β. (A.1)
For the metric we use the (−,+,+) convention. The gamma matrices in the Majorana
representation can be defined in terms of Pauli matrices: (γµ)α
β = (iσ2, σ1, σ3), satisfying
the important identity
(γµ)α
γ(γν)γ
β = ηµνδα
β + εµνλ(γ
λ)α
β. (A.2)
We also define εµνλ = −εµνλ. So εµνλε
ρνλ = −2δµ
ρ. We raise and lower spinor indices
with an antisymmetric matrix ǫαβ = −ǫ
αβ, with ǫ12 = −1. For example, ψ
α = ǫαβψβ
and γµαβ = ǫβγ(γ
µ)α
γ , where ψβ is a Majorana spinor. Notice that γ
µ
αβ = (l,−σ
3, σ1) are
symmetric in αβ. A vector can be represented by a symmetric bispinor and vice versa:
Aαβ = Aµγ
µ
αβ , Aµ = −
1
2
γαβµ Aαβ . (A.3)
We use the following spinor summation convention:
ψχ = ψαχα, ψγµχ = ψ
α(γµ)α
βχβ, (A.4)
where ψ and χ are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz
transformations are
(λχ)ψ = −
1
2
(λψ)χ−
1
2
(λγνψ)γ
νχ, (A.5)
(ψ1ψ2)(ψ3ψ4) = (ψ1ψ2)(ψ4ψ3) = −
1
2
(ψ1ψ3)(ψ4ψ2)−
1
2
(ψ1γνψ3)(ψ4γ
νψ2),
(ψ1γµψ2)(ψ3ψ4) = −
1
2
(ψ1γµψ3)(ψ4ψ2)−
1
2
(ψ1ψ3)(ψ4γµψ2) +
1
2
εµνλ(ψ1γ
νψ3)(ψ4γ
λψ2).
A.2 The N = 1 Superspace
In this subsection, we mainly follow the conventions of Ref. [33]. We denote the superspace
coordinates as θα. A real scalar superfield Φ can be expanded as
Φ = φ+ iθψ −
i
2
θ2F, (A.6)
where θ and ψ are Majorana spinors. The superalgebra
{Qα, Qβ} = −2γ
µ
αβPµ (A.7)
can be realized in terms of superspace derivatives:
Qα = i∂α + θ
β∂βα. (A.8)
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The super-covariant derivative must anti-commute with Qα; it takes the following form:
Dα = ∂α + iθ
β∂βα. (A.9)
The supersymmetry transformation of Φ is defined as
δΦ = −iǫαQαΦ ≡ δφ+ iθδψ −
i
2
θ2δF. (A.10)
Equating powers of θα gives the supersymmetry transformations of the component fields:
δφ = iǫαψα, (A.11)
δψα = −∂α
βφǫβ − Fǫα, (A.12)
δF = iǫα∂α
βψβ . (A.13)
In the Wess-Zumino gauge, the superconnection becomes
Γα = iθ
βAαβ + θ
2χα, (A.14)
and the supersymmetry transformations for the component fields are
δAµ = −iǫ
α(γµ)α
βχβ, (A.15)
δχα = −
1
2
Fµν(γ
µν)α
βǫβ. (A.16)
The Berezin integral is defined as ∫
d2θθ2 = −4. (A.17)
The superpotential is given by
LW =
i
2
∫
d2θW (Φ) = −
i
2
W ′′(φ)ψ2 −W ′(φ)F. (A.18)
A.3 SU(2) × SU(2) Identities
We define the 4 sigma matrices as
σaA
B˙ = (σ1, σ2, σ3, il), (A.19)
by which one can establish a connection between the SU(2) × SU(2) and SO(4) group.
These sigma matrices satisfy the following Clifford algebra:
σaA
C˙σb†C˙
B + σbA
C˙σa†C˙
B = 2δabδA
B, (A.20)
σa†A˙
CσbC
B˙ + σb†A˙
CσaC
B˙ = 2δabδA˙
B˙ . (A.21)
We use antisymmetric matrices
ǫAB = −ǫ
AB =
(
0 −1
1 0
)
and ǫA˙B˙ = −ǫ
A˙B˙ =
(
0 1
−1 0
)
(A.22)
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to raise or lower un-dotted and dotted indices, respectively. For example, σa†A˙B =
ǫA˙B˙σa†B˙
B and σaBA˙ = ǫBCσaC
A˙. The sigma matrix σa satisfies a reality condition
σa†A˙
B = −ǫBCǫA˙B˙σ
a
C
B˙ , or σa†A˙B = −σaBA˙. (A.23)
The antisymmetric matrix ǫAB satisfies an important identity
ǫABǫ
CD = −(δA
CδB
D − δA
DδB
C), (A.24)
and ǫA˙B˙ satisfies a similar identity.
Define
σAB˙ ≡ caσ
aAB˙ and cac
a = 1, (A.25)
where ca are real coefficients, then the following identity holds
σAC˙σBD˙ − σAD˙σBC˙ = ǫABǫC˙D˙. (A.26)
This identity is useful when we construct the N = 4 theory.
Define the parameter for the N = 4 supersymmetry transformations as ǫAB˙ = ǫaσ
aAB˙ .
The following identities are useful in checking the closure of the N = 4 superalgebra:
i(ǫAC˙1 ǫ
†
2C˙
B − ǫAC˙2 ǫ
†
1C˙
B) ≡ uAB = uBA, (A.27)
i(ǫ†A˙C1 ǫ2C
B˙ − ǫ†A˙C2 ǫ1C
B˙) ≡ uA˙B˙ = uB˙A˙,
i(ǫ1A
A˙γµǫ†
2A˙
B − ǫ2A
A˙γµǫ†
1A˙
B) = iǫCC˙1 γ
µǫ2CC˙δA
B ≡ vµδA
B ,
2(ǫ1AA˙ǫ
†
2B˙B
− ǫ2AA˙ǫ
†
1B˙B
) = (ǫ1A
C˙ǫ†
2C˙B
− ǫ2A
C˙ǫ†
1C˙B
)ǫA˙B˙ + (ǫ
†
1B˙
Cǫ2CA˙ − ǫ
†
2B˙
Cǫ1CA˙)ǫAB ,
iǫABǫC˙D˙ǫ
EE˙
1 γ
µǫ2EE˙ = i(ǫ1BC˙γ
µǫ†
2D˙A
− ǫ2BC˙γ
µǫ†
1D˙A
)− i(ǫ1AC˙γ
µǫ†
2D˙B
− ǫ2AC˙γ
µǫ†
1D˙B
).
A.4 SO(5) Gamma Matrices
In this subsection, in order to avoid introducing too many indices into the theory, we still
use the capital letters A,B, . . . to label the Sp(4) indices. However, now the index A runs
from 1 to 4. (In Sec. A.3, the indices A and B˙ run from 1 to 2.) We hope this does not
cause any confusion.
Since Sp(4) ∼= SO(5), it is useful to introduce the SO(5) gamma matrices. We define
the SO(5) gamma matrices as
γaA
B =
(
0 σa
σa† 0
)
, γ5A
B = (γ1γ2γ3γ4)A
B, (A.28)
where σa are defined by (A.19). Notice that γmA
B (m = 1, . . . , 5) are Hermitian, satisfying
the Clifford algebra
γmA
CγnC
B + γnA
CγmC
B = 2δmnδA
B . (A.29)
We use an antisymmetric matrix ωAB = −ω
AB to lower and raise indices; for instance
γmAB = ωACγmC
B . (A.30)
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It can be chosen as the charge conjugate matrix:
ωAB =
(
ǫAB 0
0 ǫA˙B˙
)
. (A.31)
(Recall that A and B˙ of the RHS run from 1 to 2.)
By the definition (A.28) and the convention (A.30), the gamma matrix γm is antisym-
metric and traceless, and satisfies a reality condition
γmAB = −γmBA , γmA
A = 0 and γm∗AB = γ
mAB = ωACωBDγmCD. (A.32)
The Sp(4) generators are defined as
ΣmnA
B =
1
4
[γm, γn]A
B . (A.33)
There is a useful Sp(4) identity
εABCD = −ωABωCD + ωACωBD − ωADωBC . (A.34)
B. Verification of Sp(4) Global symmetry of the N = 5 Bosonic Potential
In this section we will prove that the bosonic potential (2.52) has an Sp(4) global symmetry.
For convenience, we cite it here:
− V =
1
18
fIJKOf
O
LMN (−ω
ACωBEωDF + 2ωACγBEγDF
+2ωDFγACγBE − 4ωBEγACγDF )ZIAZ
J
BZ
K
C Z
L
DZ
M
E Z
N
F . (B.1)
It can be seen that the first term is manifestly Sp(4) invariant. So we need only to consider
the last three terms. Denote them as −V ′. For −V ′, the part proportional to Z
(K
(C
Z
L)
D)
vanishes by the FI (2.5), so the remaining part of −V ′ is
− V ′A =
2
9
(ωACγBEγDF − ωBEγACγDF )fIJKOf
O
LMNZ
I
AZ
J
BZ
[K
[C Z
L]
D]Z
M
E Z
N
F
≡
2
9
(P1 − P2). (B.2)
On the other hand, by using the constraint condition f(IJK)O = 0 (see (2.47)) and the FI
(2.5), one can rewrite (B.2) as
− V ′A =
1
9
(ωACγBEγDF − ωBEγACγDF + ωCDγAEγBF − ωBEγCDγAF )
×fIJKOf
O
LMNZ
I
AZ
J
BZ
[K
[C Z
L]
D]Z
M
E Z
N
F
≡
1
9
(P1 − P2 + P3 − P4). (B.3)
Comparing (B.2) with (B.3) gives
P1 − P2 = P3 − P4. (B.4)
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We observe that 2P2 + P4 is an Sp(4) invariant quantity:
2P2 + P4 = (2ω
BEγA[CγD]F + ωBEγCDγAF )fIJKOf
O
LMNZ
I
AZ
J
BZ
[K
[C Z
L]
D]Z
M
E Z
N
F
= ωBEεACDF fIJKOf
O
LMNZ
I
AZ
J
BZ
[K
[C Z
L]
D]Z
M
E Z
N
F
≡ I. (B.5)
In the second line we have used the key identity (2.38). By using the second line of (2.38),
i.e. εABCD = −ωABωCD + ωACωBD − ωADωBC , we find that I can be written as
− I = εG
ACEεGBDF fIJKOf
O
LMNZ
I
AZ
J
BZ
[K
[C Z
L]
D]Z
M
E Z
N
F . (B.6)
On the other hand, substituting the first line of (2.38) (−εABCD = γACγBD − γBCγAD +
γBAγCD) into the RHS of (B.6), we obtain
− I = 4P1 − 2P2 + P3. (B.7)
Combining (B.4), (B.5) and (B.7), we find that
P1 − P2 = −
2
5
I. (B.8)
Substituting the above equation into Eq. (B.2), we reach the desired result:
−V ′ = −
4
45
I. (B.9)
Recall that we denote the last three terms of (B.1) as −V ′, so the bosonic potential (B.1)
is indeed Sp(4) invariant. After some work, we reach the final expression for the bosonic
potential (B.1):
−V =
1
60
(2fIJK
OfOLMN − 9fKLI
OfONMJ + 2fIJL
OfOKMN)Z
N
A Z
AIZJBZ
BKZLCZ
CM .
(B.10)
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